Abstract. We use computer algebra to study the 512-dimensional associative algebra QB 3 , the rational monoid algebra of 3×3 Boolean matrices. We obtain a basis for the radical in bijection with the 42 non-regular elements of B 3 . The center of the 470-dimensional semisimple quotient has dimension 14; we use a splitting algorithm to find a basis of orthogonal primitive idempotents. We show that the semisimple quotient is the direct sum of simple two-sided ideals isomorphic to matrix algebras 1, 2, 3, 3, 3, 3, 6, 6, 7, 9, 9, 12. We construct the irreducible representations of B 3 over Q by calculating the representation matrices for a minimal set of generators.
Introduction
We write B n for the monoid of n × n Boolean matrices with the usual Boolean matrix product (1 + 1 = 1); equivalently, B n is the monoid of binary relations on n elements with the relative product: R • S = { (i, j) | for some k we have (i, k) ∈ R and (k, j) ∈ S }.
Konieczny [11] has recently a complete proof of Devadze's theorem [5] on minimal sets of generators for B n .
The representation theory of B n over the field Q of rational numbers has received little attention. One reason for this is Preston's theorem [12] , which states that any finite group is a maximal subgroup of B n for some n; it is therefore not realistic to expect a uniform structure theory for the rational monoid algebra QB n . (The simplest non-trivial case n = 2 appears in [3] .) This paper studies the irreducible rational representations of B n for n = 3 by determining the structure of the rational monoid algebra A = QB 3 . We use the computer algebra system Maple, together with a constructive approach to the classical structure theory of finite dimensional associative algebras; see [1] .
Section 2 recalls some basic results about the structure of the monoid B 3 . Section 3 determines the radical R ⊂ A; we find that its dimension is 42 and we use the LLL algorithm [2] for lattice basis reduction to find a natural basis of R in bijection with the non-regular elements of B 3 .
Section 4 determines the structure constants for the semisimple quotient S = A/R, and a basis for the 14-dimensional center C ⊂ S; we then apply the splitting algorithm of Ivanyos and Rónyai [8] to determine a new basis for C consisting of orthogonal primitive idempotents.
Section 5 determines the decomposition of S into a direct sum of simple twosided ideals; in particular, we find that Q is the splitting field of B 3 . The dimensions of the irreducible representations are d = 1, 1, 1, 2, 3, 3, 3, 3, 6, 6, 7, 9, 9, 12. We then find a minimal left ideal in each simple two-sided ideal, and construct an isomorphism of each simple two-sided ideal with the matrix algebra M d (Q).
Section 6 calculates the representation matrices for the minimal set of five generators of B 3 obtained from Devadze's theorem [5, 11] ; the matrix entries are integers, and only the four representations of dimensions d ≥ 7 are faithful. ; that is, we identify each element with an integer n ∈ I = {1, . . . , 512} using the following bijection:
We write [n] = λ −1 (n) for the element corresponding to n. The multiplication table of B 3 is then given by the function µ : I × I → I defined by µ(p, q) = λ ([p] [q]). If there is no loss of clarity, we will write [n] simply as n.
Regular elements.
An element x ∈ B 3 is called regular if and only if xyx = x for some y ∈ B 3 . There are 42 non-regular elements in B 3 ; see Table 1 . These elements correspond to the following integers: 
The first 36 elements have four 0s; each of these has one row (say i) with two 0s and one column (say j) with two 0s, and the (i, j) entry is 0. The remaining 6 elements have three 0s: these are the complements of the permutation matrices. We write R = I \ N R for the set of indices of the 470 regular elements.
D-classes.
Since B 3 is finite, the D-classes coincide with the J-classes; thus x, y ∈ B 3 belong to the same D-class if and only if they generate the same two-sided monoid ideal, B 3 xB 3 = B 3 yB 3 , and this defines an equivalence relation on B 3 . If a D-class contains a regular element then every element of that class is regular. An element x ∈ B 3 is called prime if it is not a permutation matrix and whenever x = yz either x or y is a permutation matrix; see de Caen and Gregory [4] . If a D-class contains a prime element then every element of that class is prime. The D-classes in B 3 are displayed in Table 2 : each D-class is represented by its minimal element in lex order, together with its size, and whether it is regular or prime. size  1  49  162 144  6  36  18  18  36  36  6  regular yes  yes  yes  yes  yes  yes  yes  yes  no  yes  no  prime  no  no  no  no  no  no  no  no  no  no  yes   Table 2 . D-classes in B 3
2.4. Generators. By the theorem of Devadze [5] , recently proved by Konieczny [11] , the monoid B 3 has the following minimal set of five generators:
(1) The first two elements generate the subgroup of permutation matrices, the first four elements are regular but not prime, and the last element is prime but not regular.
Non-regular elements and the radical
To find the radical of the monoid algebra A = QB 3 , we use the theorem of Dickson [6] together with Drazin's generalization of Maschke's theorem [7] . Following [1, Corollary 13], we construct the 512 × 512 matrix ∆ in which the (i, j) entry is
We note that ∆ is symmetric; its entries belong to {0, 1, 8, 27, 64, 125, 216, 512}. The radical R of A consists of the linear combinations of the elements of B 3 determined by the vectors in the nullspace of ∆. Using the command Rank from the Maple package LinearAlgebra we find that ∆ has rank 470 and hence nullity 42. Since the entries of ∆ are integers, the most appropriate method to find a basis of its nullspace is by computing its Hermite normal form H together with a unimodular integer matrix U for which U ∆ = H; see [2, Chapter 14] . Then the bottom 42 rows of U form a lattice basis for the integer nullspace. We use the following Maple command, which also applies the LLL algorithm to reduce the nullspace basis: We obtain a basis for the radical in which all components belong to {−1, 0, 1}, but the numbers of nonzero components in the vectors are 8 (17 times), 12 (14 times), 14 (twice), 16 (3 times), 18, 20 (twice), 22, 24 (twice). Applying the LLL algorithm with a higher value of the parameter (α = 99/100) produces an integer basis of the nullspace in which every vector has 8 nonzero components in {±1}; see Table 3 . The leading terms of these basis elements are precisely the non-regular elements of B 3 . These basis elements have a particular structure; we illustrate for one element of each type (whether the leading term has three or four 0s). The element with leading term [95] in Table 3 The other 7 terms are obtained by changing 0s to 1s, except that the 0 in the upper left corner does not change; this is the only 0 which belongs to a row with two 0s and a column with two 0s. The sign of each term is (−1) i where i is the number of 0s that have changed to 1s. The element with leading term [239] in Table 3 represents this element of QB 3 : As before, the other 7 terms are obtained by changing i of the 0s to 1s, and the sign of each term is (−1) i .
4.
The semisimple quotient and its center 4.1. Structure constants. Our description of the radical R ⊂ A in terms of the non-regular elements of B 3 allows us to construct easily the semisimple quotient S = A/R. As basis for S we take the (cosets modulo R of) the regular elements of B 3 ; that is, the elements [p] + R for p ∈ R. If p, q ∈ R the we have two cases. If
is the leading term of one of the radical basis elements in Table 3 , which we write in the form
where [r 2 ], . . . , [r 8 ] are regular elements, and therefore
Let s : {1, . . . , 470} → R be the unique order preserving bijection, so that a basis for S consists of the cosets { [s(k)] + R | k = 1, . . . , 470 }. We write the structure constants of S with respect to this basis as follows:
4.2.
The center. The next step is to compute the center C of the 470-dimensional semisimple associative algebra S. According to [1, Corollary 15] , the coefficient vectors of the elements in C form the nullspace of the 470 2 × 470 matrix Z in which the entry in row 470(i−1) + k and column j is d
Since 470 2 = 220900 is so large, we do this calculation using modular arithmetic to save memory; we use p = 101. If M is an integer matrix, then its rank over the finite field F p is less than or equal to its rank over Q, and so its nullspace over F p contains (possibly strictly) the reduction modulo p of its integer nullspace. However, we will be able to verify that the basis we obtain for C using modular arithmetic spans a subalgebra of C. Thus we have upper and lower bounds for the dimension of C which are equal.
We first construct a modular matrix of size 470×220900, and store d
in row j and column 470(i−1)+k for all i, j, k = 1, . . . , 470; this is Z t (mod p). We use the command RowReduce from the Maple package LinearAlgebra[Modular] to compute the rank and the row canonical form (RCF). The rank is 456 and so the nullity is 14; this is the dimension of the center. We identify the 456 columns which contain the leading 1s of the rows of the RCF and record the corresponding pairs (i 1 , k 1 ), . . . , (i 456 , k 456 ). In this way we have identified the rows of Z which form a basis for the row space.
We next construct an integer matrix Z 0 of size 456 × 470, and store d
in row ℓ and column j; by the previous paragraph, the reductions mod p of the rows form a basis of the row space of Z mod p. We use the Maple command
and extract the bottom 14 rows forming a lattice reduced basis of the center C.
(Using a higher value of the parameter in the LLL algorithm does not improve the results in this case.) We sort these rows by increasing Euclidean length, and change signs where necessary to ensure that each row has a positive leading entry. The components of the vectors in this basis of C belong to {0, ±1, ±2}, and the squared lengths of the vectors are 1, 1, 13, 19, 19, 24, 24, 25, 31, 40, 48, 72, 72, 95. These basis vectors A, . . . , N are displayed in Table 4, and the multiplication table for this ordered basis appears in Table 5 . Table 4 . Lattice reduced basis of the center C ⊂ S 4.3. Orthogonal primitive idempotents. Our next task is to find a basis for C consisting of orthogonal primitive idempotents; these idempotents play the role of the identity matrices in the simple two-sided ideals M d (Q) in the Wedderburn decomposition of S. We use the splitting algorithm of Ivanyos and Rónyai [8] ; see also [1, §1.8] . This algorithm repeatedly splits a central ideal X into the orthogonal direct sum of two central ideals Y and Z; thus, X = Y ⊕ Z and Y Z = {0}. The new basis will be denoted by the first 14 letters of the Greek alphabet: α, β, . . . , ξ. Throughout this computation it is important to remember that scalar terms in polynomials must be interpreted as scalar multiples of the identity element in X. We start with X equal to the center C with identity element B.
We let x = A (or any element that is not a scalar multiply of the identity). Using Table 5 we find that the minimal polynomial of x is x(x − 1). We therefore set y = x = A and z = x − 1 = A − B and find that the ideal Y = y is 1-dimensional and the ideal ideal Z = z is 13-dimensional; moreover, X = Y ⊕ Z and Y Z = {0}. Since A 2 = A, we record α = A as a primitive idempotent.
Splitting 2.
We start with X = A − B ; this is the ideal Z = z from Splitting 1 with identity element −A + B. We compute a basis for X to find an element which is not a scalar multiple of the identity; we take x = A − N with minimal polynomial (x + 1)(x − 5). We therefore set y = x + 1 = B − N and z = x − 5 = 6A − 5B − N ; we find that Y = y is 1-dimensional and Z = z is 12-dimensional. We have (B − N ) 2 = 6(B − N ) so we record β = 
We start with X = C + H . The identity element is C + H, so we take x = K with minimal polynomial x(x + 1). We set y = x = K and z = x + 1 = C + H + K, and find that both generate 1-dimensional ideals, giving the new primitive idempotents η = −K and θ = C + H + K.
Splitting 9.
We start with X = −C + We start with X = −C + D + J , the ideal Y from Splitting 9, with identity element −C + D + J. We take x = C + E with minimal polynomial x(x + 1). We set y = x = C + E and z = x + 1 = D + E + J; these elements generate 2-dimensional ideals Y and Z.
Splitting 12.
We start with X = C +E , the ideal Y from Splitting 11, with identity element −C −E. We choose x = G, with minimal polynomial (x+1)(x−1); we set y = x + 1 = −C − E + G and z = x − 1 = C + E + G. Both y and z generate 1-dimensional ideals, giving two new primitive idempotents λ = −
4.3.13. Splitting 13. We start with X = D + E + J , the ideal Z from Splitting 11, with identity element D + E + J. We take x = F + G + L with minimal polynomial (x + 1)(x − 1). We set y = x + 1 = D + E + F + G + J + L and z = x − 1 = −D − E + F + G − J + L. Both y and z generate 1-dimensional ideals, giving our final primitive idempotents ν =
4.3.14. Summary. We have calculated a new basis of the center C ⊂ S consisting of the orthogonal primitive idempotents whose coefficient vectors with respect to the basis of Table 4 are given by the rows of the matrix in Table 6 . We check using Table 5 that x 2 = x and xy = 0 for all x, y in this new basis. We note that all the minimal polynomials obtained in this calculation split into linear factors over Q. . Table 6 . Orthogonal primitive idempotents in the center C ⊂ S
The decomposition into simple ideals
Each of the orthogonal primitive idempotents α, . . . , ξ in the rows of the matrix in Table 6 represents a linear combination of the basis elements A, . . . , N of the center C ⊂ S in Table 4 . The full expansions of these orthogonal idempotents as linear combinations of the basis elements of S (that is, [p] + R for p ∈ R) are given in Table 7 . These elements represent the identity matrices in the simple two-sided ideals M d (Q) in the Wedderburn decomposition of S; since C ⊂ S we use the same notation A, . . . , N for these elements regarded as elements of C or S. However, the order of the basis elements has been changed in Table 7 ; we now have A, B, C, D, K, I, L, J, G, E, F, N, M, H for the following reason.
We calculate the dimension of the two-sided ideal of S generated by each element; since these elements are central, it suffices to consider all left multiples by basis elements of S. We obtain the values 1, 1, 1, 4, 9, 9, 9, 9, 36, 36, 49, 81, 81, 144 for the elements in the order of Table 7 . We have reordered the basis elements of the center so that these dimensions are non-decreasing. We therefore expect that
To verify this, we need to construct an isomorphism of each two-sided ideal with the appropriate matrix algebra, and this requires finding a minimal left ideal inside each two-sided ideal. For a general finite dimensional associative algebra over Q, this problem is very difficult; see Ivanyos et al. [9] for an algorithm which calls oracles for factoring integers and polynomials over finite fields.
On the other hand, in practice it is often easy to find an element of the two-sided ideal which generates a minimal left ideal. In the present case we are very lucky: for every two-sided ideal except one, the first basis vector in a row-reduced basis of the two-sided ideal generates a minimal left ideal. The exceptional case is the two-sided ideal of dimension 4: none of the basis vectors of the two-sided ideal generates a minimal left ideal, but the sum of the first two basis vectors does.
The first three two-sided ideals are 1-dimensional, so there is nothing to do: these ideals are isomorphic to (the 1 × 1 matrices over) Q. For the remaining 11 two-sided ideals, the generators of minimal left ideals are given in Table 8 . These elements are also generators of the two-sided ideal to which they belong. The last Table 7 . Orthogonal idempotents (identity matrices) in S 1 − 512, 9 :
11 − 12 − 18 + 20 + 26 − 27, 9 :
11 − 12 + 18 − 20 − 26 − 27 + 2 · 28, 12 :
2 − 8 − 74 + 80. Table 8 . For each i, j = 1, . . . , d we then solve for the matrix unit E ij as a linear combination of these d × d matrices. Equivalently, we set E ij to the general linear combination of the basis elements of I with indeterminate coefficients, and solve the linear system determined by the equations E ij e k = δ jk e i for all k = 1, . . . , d.
Representation matrices for the generators
Once we have calculated the elements of each d 2 -dimensional simple two-sided ideal I representing the matrix units E ij (i, j = 1, . . . , d), it is straightforward to compute the matrix representing any element [p] ∈ B 3 (p ∈ I) in each of the irreducible representations. We first multiply the coset [p] + R ∈ S by the element I d ∈ S from Table 7 representing the identity matrix in the given two-sided ideal.
, and we solve a linear system to express R d (p) as a linear combination of the elements of I representing the matrix units E ij  (i, j = 1, . . . , d) . This linear combination of matrix units is the matrix of p in the irreducible representation of B 3 corresponding to I. We perform this calculation for the generators (1) of B 3 displayed in Section 2, and obtain the following results. [10] that the smallest faithful representation of B n has dimension 2 n −1; see also [3] .
